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' We study the decay of the cosmological constant in two spacetime dimensions through produc- 

tion of pairs. We show that the same nucleation process looks as quantum mechanical tunneling 
(instanton) to one Killing observer and as thermal activation (thermalon) to another. Thus, we 
CNj ' find another striking example of the deep interplay between gravity, thermodynamics and quantum 

£H ! mechanics which becomes apparent in presence of horizons. 
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INTRODUCTION AND SUMMARY 



The need to reconcile the observed small value of the cosmological constant with the value that standard elementary 
particle theory predicts is a major challenge of theoretical physics [lj. A number of years ago, a possible mechanism 
for relaxing A was proposed Q . Its essential aspect is the nucleation of membranes (domain walls) . The cosmological 
■ constant, which becomes a dynamical field, jumps across the membrane and it is decreased inside it. In the version 
of the mechanism proposed in , the membranes were nucleated through quantum- mechanical tunneling, for which 
the path integral is dominated by an instanton solution of the Euclidean equations of motion. Recently [3j, a novel 
variant of this mechanism has been proposed in which the membranes are created through classical thermal effects of 
de Sitter space rather than quantum- mechanically (see 0,0 for related recent discussions). The Euclidean solutions 
relevant to this process were named "thermalons" . These new solutions are time-independent in contradistinction 
with the instantons, which are time-dependent. 

In order to obtain additional insight into the thermalons, we shall examine their analog in the simple possible 
Cln! context of two-dimensional spacetime. In doing so we encounter yet another fascinating instance of the subtle interplay 
between gravity, thermodynamics and quantum theory, which becomes apparent in the presence of event horizons. 
The most famous instance of this interplay is, of course, the Bekenstein-Hawking formula for black hole temperature 
and entropy. 

In brief, what we found is the following: If one describes the process in terms of the so-called global coordinates 
for de Sitter space, in which the volume of the spatial sections is proportional to the hyperbolic cosine of time, the 
nucleation of membranes occurs through the exact analog of the (3 + l)-dimensional instanton, as it was already 
noted in p|. On the other hand, if one describes the process in terms of the static coordinates for de Sitter space, the 
membranes are nucleated through the thermalon, that is a classical thermodynamical effect. It is to be emphasized 
that when we say "... describes in terms of coordinates we are talking about just a change of coordinates in one 
and the same spacetime : two portions of de Sitter spaces of different radii of curvature joined across the membrane. 

Thus, one and the same physical process appears in one description as a strictly quantum- mechanical tunneling 
effect and, in the other, as a classical metastability effect (going over the barrier rather than tunneling through it). 
There is no paradox here because one may say that when the coordinates are changed, the "potential" is also changed 
so the barrier that one tunnels through in one case is not the same barrier over whose top one goes in the other. It 
is also quite alright that the thermodynamic description should appear when the static coordinates are used, since it 
would appear natural to think that time-independence amounts to equilibrium. 



II. INSTANTONS AND THERMALONS 



To make the discussion self-contained we briefly review here the concept of "thermalon" . We also compare and 
confront it with the concept of instanton. Consider a non-relativistic one-dimensional particle placed in a potential 
V(r), as shown in Fig. ^ The particle is initially in a metastable minimum (the "false vacuum"), at x = 0. The 
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particle may decay to the "true vacuum" at x = Xt by two different mechanisms: It can either (i) tunnel through the 
potential barrier or (ii) it can go over the barrier by a thermal kick. 



FIG. 1: A particle in a potential is initially in a metastable state at x = (false vacuum). It may end up in the true vacuum 
at x — x t either by tunneling through the potential barrier or by a thermal kick. 



FIG. 2: The Euclidean system consists in the particle placed in a potential Ve = —V. The Euclidean path integral is evaluated 
in the semiclassical limit. At zero temperature, the solution that dominates the path integral is the instanton which starts 
at rest at x = 0, t = — oo, bounces at x = Xb and comes back to x = at t = oo. At higher inverse temperatures /3, the 
corresponding instantons are periodic orbits, bounded between two turning points, xi, x%, with period f3h. This happens at 
some particular value of the energy — E. When the temperature is high enough the static orbit at the bottom of the potential 
well x = xq, the thermalon, becomes dominant. 

For the tunneling problem, if one were to treat the problem exactly one would start with a wave packet localized 
around x = and calculate the quantum mechanical amplitude to propagate from x = to x — x t . This one could do 
in principle at any arbitrary inverse temperature (5 by computing the path integral. In the semiclassical approximation 
the path integral is dominated by a solution of the classical equations of motion in imaginary time ( "Wick rotation" , 
"Euclidean continuation"). The calculation is further simplified at zero or very low temperatures 

For the thermal excitation the solution is again given by an Euclidean path integral (the partition function) , which 
now is most simply dealt with for large enough to go over the top of the barrier by a "thermal kick". For 
tunneling, the classical solution is called the instanton and it is described in Fig. [21 The particle starts at rest from 
the false vacuum at t — — oo, bounces at x = xj, and comes back to the false vacuum at t = oo. The decay rate takes 



V(x) 
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the form 0, 
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r = — ImF (quantum tunneling). (1) 



For a thermal kick the classical solution is called a thermalon. The particle sits at all times at the stable equilibrium 
position x = x of the Euclidean potential of Fig. |21 The decay takes the form 0, 

T = —^-ImF (thermal activation). (2) 

In both Eq. (|TJ and Eq. (J2J, F is the Helmholtz free energy given by 

(3F = /3U- S, (3) 

where U is the internal energy and S the entropy. In Eq. J3J), w is the frequency of oscillations in Euclidean time 
around x — x (Fig.®), 

u = Vg(xo). (4) 
If one evaluates the path integral to imaginary time,?.e. 

x(t) = x E (it E ), il[x(t)] = I(x E (t E )), (5) 

one has 



J Vx E e^ lE = e-P F , (6) 



where cl E" stands for "Euclidean" and the functional integral is evaluated over closed paths x E (t E ) with Euclidean 
time period 

At E = hp. (7) 

For tunneling as well as for thermal activation, the semiclassical rates take the form, 

T = Ae- B , (8) 

where B is the classical Euclidean action divided by H and A is a prefactor which involves the determinant of a 
differential operator 6], and which will not be discussed here. 

The properties of instantons and thermalons are illustrated and discussed in Fig|21and summarized in Table I 



III. PAIR CREATION IN FLAT SPACETIME 



A. Instanton 



In two spacetime dimensions, a closed membrane, which may be thought of as the boundary of a ball, becomes a 
pair of points, which are the boundary of an interval. Thus, we will be considering pair creation. The term "pair 
creation" is all the more appropriate since the analog of the 3-form potential appearing in four spacetime dimensions 
is, in two spacetime dimensions, just the ordinary electromagnetic potential. Therefore, our problem is pair creation 
by an electric field coupled to gravity. The action will be taken to be the sum of four terms: (i) The length of the 
worldline times the mass of the particle, (ii) the minimal coupling to the electroma gne tic field, (hi) the Maxwell 
action, (iv) the gravitational action, for which we will use the functional proposed in However, for the sake of 
focusing as clearly as possible on the central point, we shall start by considering pair creation in flat spacetime in a 
constant external electric field E. This is of interest because even this simplified process accepts the two alternative 
interpretations, namely, quantum mechanical or thermodynamical depending on the coordinate system we choose in 
our description. 

The Euclidean action, describing a particle of charge q and mass to, with worldline parameterized by z M (A), in an 
external electromagnetic field = {Ex, 0) is 



I = m y/ z^Zftdr — q I A — to (length) — gi?(area). 



(9) 
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TABLE I: Instantons and Thermalons Compared and Contrasted. 



Solution of the 
classical Equa- 
tion of motion 


Process that the solution 
describes when used to 
dominate path integral 


Dependence on Eu- 
clidean time for motion 
in one-dimensional 


Range of validity if used to 
approximate decay rate by 
steepest descent 


Formula for decay rate 


Instanton at zero 
temperature 


Tunneling through po- 
tential barrier 


Time dependent. Starts 
at ii at f = — oo, 
bounces at x<z and comes 
back to xi at t = oo. 
The bounce is localized 
in time. 


Zero temperature 




T = ^ImF = hraE 
n n 


Instanton at non- 
zero temperature 


Tunneling through po- 
tential barrier at non- 


Time dependent, starts 
at xi, bounces at X2 and 

LUillLiS UCLL^IV uU Ju \ dllCl CL 

full period At = 0. 


Dominates for 

— < (3h < oo 




V = -ImF 

h 


Thermalon 


Going over the barrier by 
a thermal kick 


Time independent. 
Stands at the bottom of 
the Euclidean potential 
for all times. 


Dominates for 

< (3h < — 




r=^ImF 








In overlap region, f3h ~ 22£, 
both solutions should in gen- 
eral be included. 
Here ui is the frequency of 
oscillations in Euclidean 
time of perturbations 
around the thermalon. It is 
assumed that there is only 
one such stable Euclidean 
mode. For motion in a 
potential, u = V"(xt)- 


F has imaginary part be- 
cause the extremum is a sad- 
dle point due to unstable 
state. 



The overall sign of the action has been chosen so that one path integrates e 1 . 
In Cartesian coordinates, the action © reads 



dX 



qExt 



where A is a parameter that increases along the worldline. The momentum P t conjugate to t is given by 

i 



m 



qEx = sgn(t) 



qEx. 



'l + (f) 

The instanton solution is a complete circle in the (a;,i)-plane centered at (io,£o) with radius R equals to 

R = m/qE, 



(10) 



(11) 



(12) 



where to and xq are integration constants (See FigOJ. One may describe it as follows. The system is initially in the 
metastable vacuum (no particle). At t$ — R, a particle-antiparticle pair appears. The particles then propagate and 
annihilate at to + R, leaving back the metastable vacuum. 

Note that this is the most general solution of the equations of motion. This is an instanton at zero temperature, 
because it is time dependent and localized in time (see Table I). The instanton remains a solution if one identifies 
Euclidean time with a period hp provided the circle of Fig. [3] fits into the corresponding cylinder, i.e., 



2R < hp. 



(13) 



It is then an instanton at non-zero temperature P . 
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The action evaluated on this orbit is 



In = 



qE 



which is the Schwinger|ll) result for two-dimensional spacetime. 



(14) 




FIG. 3: The instanton is an oriented circle of radius R = m/qE centered at any point (to,xo) of the Euclidean plane. 
The tunneling decay rate described by the instanton is, in the semiclassical approximation, 



r ~ e 



-lain 



e " E 



(15) 



B. Thermalon 

The above interpretation changes radically if we use polar coordinates, 

t = rsm(r/L) 
x = r cos(t/L) . 



(16) 
(17) 



Here L is some arbitrary length scale. In the Lorentzian continuation, these are Rindler coordinates adapted to an 
observer of proper acceleration 1/L. The metric takes the form 



ds 2 



L 2 



dr 2 + dr 2 



(18) 



The acceleration of a stationary particle at r is 1/r. The observer located at r = L has the special property that on 
his trajectory the Killing vector d/dr has unit norm. 

The Euclidean Rindler "time" coordinate r has a periodicity 2irL and is identified with the inverse Unruh temper- 
ature seen by the associated Lorentzian accelerated observer at r = L, 



2itL 



The action © now reads, 



my r z + 



L 2 



qE 
2L' 



r 2 T 



(19) 



(20) 
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We evaluate the conserved momentum P T conjugate to r, 

mf Eqr 2 
'l*- 2 , i 2L / L 2 ; ; 2L 



mi- Eqr 2 m sgn(f) Eqr 2 



-r- 



Contrary to what happens in Cartesian coordinates, the dynamical system admits now static solutions. In fact, 
there is only one such solution, given by 

r-R-%, (22, 

and 

1 m 2 1 / R\ 

^=2l^=2 m (l> (23) 

Because it is static and stable (see below), this solution is a thermalon. The value of R given by (|22Jl is, of course, 
just Eq. H12JI . This was expected, and it is the main point that we are making, namely, that the instanton as seen in 
a polar system of coordinates, centered a the origin to — = 0, is the thermalon. 

A small perturbation of the solution amounts to translating the center of the circle. When viewed in Rindlcr 
coordinates, this appears as a periodic motion with same period as r. So, the solution is stable and the frequency of 
oscillations around the thermalon is, 

w T = ~ . (24) 

The thermalon describes the probability for the particle to jump over the potential barrier by a thermal fluctuation. 
The thermal decay rate is given by Eq. |JH}, which, in the thermalon case, reduces to the Boltzmann factor, 

T ~ e~ 0e , (25) 

where the energy £ is the conserved momentum P T , and (3 the corresponding inverse Unruh temperature. Explicitly, 
one gets, 

2nL 1 m 2 irm 2 
= ~~h~2YEq = ~q~EH' (26) 

Note that although (3 and £ depend on L, this length scale drops out from the product f3£. The value of j3£ given by 
Eq. H2(jf> is exactly the value of the action 11411 for the instanton. What underlies these "coincidences" is, of course, 
that the thermalon is just the instanton described in a different coordinate system. However, we are not facing a 
triviality, because the concepts associated to each description are drastically different. In the instanton framework, we 
are analyzing a quantum mechanical process at zero temperature, while in the thermalon description, we are working 
out a classical thermodynamical instability at non-zero temperature. Thus, we have in a very simple context, an 
example of the inextricable connection between gravity, quantum mechanics and thermodynamics, which was first 
observed in the context of black hole entropy. 

The equivalence of the two representations does not just happen for the exponent in the transition rate, but in 
fact for the complete decay rates. Indeed, if we multiply the temperature H19|) and the frequency Q and divide the 
product by 7r to evaluate the multiplicative factor characteristic of the metastability calculation, Eq. @, we find 

lj t /3 _ 1 2ttL 1 _ 2 

7T L H 7T H ' 

which is exactly the corresponding tunneling expression, Eq. Q). 

Eq. I|27(l tells us that we are precisely in the overlap region where both the thermalon and the instanton should 
be considered when computing the free energy F (see table I). However, in this example there is only one Euclidean 
solution. It is just that it is interpreted differently in different coordinate systems. This unique solution is the one 
that dominates the path integral in the present case. 

As a final comment, we recall that in D spacetime dimensions, the symmetry group of the instanton at zero 
temperature is SO(D), while the symmetry group of the thermalon is SO(D — 1) x 5*0(2). For the special case of 
two dimensions the two groups coincide, in agreement with the fact that the instanton and the thermalon are one and 
the same solution. 
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IV. COUPLING TO GRAVITY 



The complementary description of one and the same physical process (pair creation) as a quantum mechanical effect 
or as a thermal effect is also available when we switch on gravity. The actual calculations describing pair creation 
in a gravitational field have already been done in 0|. As it was stated in the introduction, the main novelty of the 
present work is the complementary interpretation of the process as a thermal effect. 

We will first remind the reader of the results of 

2] 

in the two-dimensional case and introduce some notation. The 
equation of motion to be used for the gravitational field is ^3] 

-R — \ = kT , (28) 

where T is the trace of the energy-momentum tensor, and k a positive coupling (which would equal 8ttG in four 
dimensions). In our case, the energy momentum is the one produced by an electromagnetic field f w and a particle 
of mass m and charge q. The Maxwell equations for the electromagnetic field imply that F M „ = y/gEe^, where is 
the Levi-Civita symbol in two dimensions and E is a constant in the absence of sources. The value of E jumps when 
crossing the worldline of the particle, so that, 

E + -E_=q. (29) 

We will adopt the convention that, when traveling along the worldline of the particle, the "interior" ("-" region) will 
be on the right hand side. The " +" region will be called the "exterior" . For the gravitational field, the electromagnetic 
field will contribute to an effective cosmological constant, 



A± = w = A + kE% . (30) 



Therefore, at each side of the worldline, the geometry will be that of a two-sphere of radii l + and l_ respectively, 

ds\ = l 2 ± {d8 2 + sin 2 B±d4>\) (0 < 6± < tt, < <j>± < 2vr) . (31) 

By taking the range of <j> to go from to 2ir, we are excluding conical singularities at the poles. Note that we may 
always rotate the coordinate systems on each of the glued spheres so that when embedded in flat three-dimensional 
space their corresponding z-axis coincide. This means that we can set =</>_ = <f>. The worldline of the particle is 
determined by the matching conditions obtained by integrating (|28J) across the membrane. One gets 

K+ - K- = nm , (32) 

where K± are the extrinsic curvatures of the worldline as embedded in each sphere (see for example 2]). 
We now define 

P± = l± sin9±. (33) 
and parameterize the curve using the arclength s, so that the extrinsic curvature is given by 

.2 \ 1/2 



^ = T—(1-^) ^Z(PI^)- (34) 



■Mi- 4) ± 

The trajectory is a circle which we take at some constant p± (see Fig. 0J. From Eqs. (|32|l and l|34|) we get 




(35) 

where e± = sgn(</>±). Because the length of the circle must be the same as seen from each side, we must take 
P- = p+ = p on the orbit. Eq. l|35fl yields then 

p 2 = TT^' (36) 



where 

I I 

W ~ 1 



a 2 = w - = 2nqE av , (37) 
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FIG. 4: Each de-Sitter two-sphere is parameterized as shown in the figure. The angle (j> runs anti-clockwise around z. Instead 
of 8 we may also use the coordinates p = Isind. In this case, however, the parameterization will cover only half of the sphere. 
A solution for the worldline of the particle has been drawn, and the "exterior" region has been removed. 



and 



E W = ^{E + + EJ) , (38) 



7 = ^ +(q2 " k2w2) . (39) 



Therefore, the classical Euclidean solution, the exponential of whose action appears in the probability, consists of 
two two-dimensional spheres of radii l + and i_ joined at a circle of radius p. 



A. Instanton 




FIG. 5: Instanton interpretation. In each region we choose spherical coordinates such the azimuthal angle \ is measured from 
the x axis. The angle £± goes anti-clockwise around the x axis. In the radial coordinate r = lcos\ the metric takes the 
Schwarzschild-de Sitter form of Eq. IM2L The trajectory of the particle r(t) is time-dependent in the Euclidean time t = /£. 

We can choose different coordinate systems to describe the above solution. The interpretation of the solution will 
depend on this choice. The instanton picture is obtained by choosing spherical coordinates as in Fig. i.e., 



ds\ = l 2 ± (d X 2 ± + sm 2 X ±de±) (0 < X± < 7T, < £± < 2tt). 



(40) 
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The angle x± is now measured from the x axis, and £± goes anti-clockwise around the x axis. The Euclidean time 
is t± = The worldline of the particle is time-dependent and turns out to be exactly the instanton solution 

discussed in [3] ■ 

To describe it more explicitly, define r± — Z±cosx±- Again, the coordinates r + and r_ must be related on the 
worldline of the particle so that the total length is the same as seen from each side. The relation may be obtained by 
noting that in terms of the previous coordinate system, 

r± = p± sin</>, (41) 

Now, we know that p+ = p_ on the trajectory, and therefore, we have that r+ = r_ = r. The metric takes the 
Schwarzschild-de Sitter form 

ds 2 ± = fldt 2 ± +f ± 2 dr 2 , (42) 

with 

/± = l-i (43) 
and the trajectory, as seen from each side, is given by 



r(t)=±hl(l- C °„ s2 .f° ), ///-.ft,. (44) 



cos 2 (t/l) J ' 

where, for the sake of clarity, the subscripts ± have been dropped. The angle 9q is a constant, which, for each region, 
is given by Eqs. IpIHj) and ilHfil . As for the instanton in flat space, there are two points on the trajectory for each value 
of t. Furthermore, if we take the limit k — > we end up with the instanton in flat spacetime of Sec. IIIA. To see this 
one has to recall that the bare cosmological constant, A, coming from "the rest of physics" in Eq. (|28[) is of the form 

A = np vac , (45) 

where p vac is the energy density of the vacuum. When we take the limit, the cosmological constant l/l± goes to zero 
in both regions, 

-}~=K(pvac + E 2 ± ), (46) 

and therefore the metrics in Eq. (|42J) become flat Minkowski line elements in polar coordinates. Furthermore, the 
radius of the orbit, given by Eq. I|3fi|l. goes into 

= f± I 711 (47) 



4m 



This is exactly the radius we obtained in the flat space case in Ea. l(T2|) . 



B. Thermalon 



The thermalon picture is obtained by analyzing the trajectory in the original coordinate system of Fig. The 
solution is then clearly static. The metric takes the form 

ds 2 ± = + £dt» , (48) 

i - £ *± 

with the "Euclidean time" t± = l±<p. It is interest to see at this point how one may recover the flat space background 
analysis of the previous section as a limiting case of the present discussion. Taking the limit n — > we must define a 
new, rescaled time coordinate r, 



(49) 
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FIG. 6: The diagram depicts a small perturbation on the thermalon alignment of Fig. 0] The radius p(r) oscillates with a 
period equal to 2itl, the total period of the time coordinate t. 



with L being an arbitrary constant with dimension of length. In the limit, we get flat spacetime in polar coordinates 
as in Eq. ftty. 

In the coordinate system used in Fig. the particle remains at a fixed value of p at all times. However, if we 
rotate the worldline of the particle as in Fig. the new solution will not be static in this set of coordinates. The 
curves (p+(r), t+(r)) and (p_(r), i~(r)) as seen from each side of the particle's trajectory will oscillate around the 
static solution with frequency 

w± = l/i±, (50) 

since, in the absence of a conical singularity, the period of the time coordinate in (|48|l must be 2irl± . Therefore, the 
solution has the two key properties of a thermalon: Is a static and stable Euclidean solution of the theory. 

We now may identify the temperature felt by an observer at each region with the respective de-Sitter temperature, 



and immediately note that, 

u±P± 1 2ttZ ± 1 _ 2 

7T 1+ H 7T H 



(52) 



We see that, again, the two expressions for the probability Q and coincide. 

To obtain an expression for the decay rate, we need to compute ImF in expression or which, in our case are 
equivalent. This has been done before for the instanton, and, as have shown in the present work, both the instanton 
and the thermalon are one and the same process in two dimensions. For the sake of completeness we will quote here 
the known expressions. The result is of the form JSJ. The value of the action B was computed in |2| and takes the 
value, 

I = 4npm log 1+ ±- — - a% , (53) 



( x /TT^- 7 )(i-« 2 ^) 



with a 2 , 7 defined in l(3*7|) and l(3*^|l respectively. 
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